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Representatives of the identity

Tree-pair diagrams representing the identity in F( ) will always consist of
two identical trees. This is not the case in F'(n,m)
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Minimal tree-pair diagram representatives may not be
unique

Minimal tree-pair diagram representatives of F'(n) are unique. This is not
the case in F'(n,m).
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Figure 1: Two equivalent but distinct minimal tree-pair diagrams repre-
senting an element of F(2,3)
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Figure 2: Two equivalent but distinct minimal tree-pair diagrams repre-
senting another element of F(2,3)



To get to the minimal tree-pair diagram, we may have
to add carets

Minimal tree-pair diagram representatives of F'(n) can always be obtained
solely by caret removal. Whereas in F'(n,m), we may even need to add
carets in order to obtain a minimal tree-pair diagram from a given tree-pair
diagram.
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Figure 3: (T, T}) is a (2,3)—ary tree-pair diagram which must have carets
added to it in order to be transformed into its equivalent minimal tree-pair
diagram (T%,T%)



Multiplying tree-pair diagrams in F(n)
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Figure 4: Composition of two elements of F'(n)



Multiplying tree-pair diagrams on F'(n,m)
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Figure 5: Composition of two elements of F'(2,3)



Standard infinite presentation (Stein)

Generators:
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Relators:
1. o = vivj 1
2. YT = T4
3. zjr; = Tizj41
4. Tjzj = ZiXj42
5. Yjzi = ZiYj42
6. zj2; = 2;2Zj+2
for ¢ < j and

L. yit12zi = yivig1x;
2. XiZit1%i = ZiTig2Tit1T;

for all 7.



Normal Form

For positive w:
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Normal Form Example
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Normal Form

The normal form of an element w in F(2,3) can be written as:
NF(w) = NF(w )NF(w™?)
. For a positive element w of F(2,3) the normal form is:
NF(w)=Bgy--- B

where
By = Yp: " YBn

such that 8;11 > 8; + 1 for all i € {1,..., N} and where

Bi = (75i)"" - (vaes, )

such that
ap; #0forall je{l,.. s}
and
a;1 =0ande;; =1forallie{2,..k}
and

a;; #0forall j€{2,....,s;,} and i € {2,....k}
and where for all i € {2, ...k}

j—1
Qg5 < Zei,l . (W (7&&) - 1)
=1

for all j € {1,...;s;}.
where w(y;) is defined such that

_ 2if v = x;
w(%)_{ 3if v, = 2



Standard finite presentation (Stein)

Generators:

{330, Z1, Yo, yl}
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where 3 =
—1 q 21
Y1 YoT1xo, 21 = Y5 Y1T2T1, and 2o = Y5 Y2T322.
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The Metric on F(2,3)

The metric on F'(2, 3) is not quasi-isometric to the number of carets or leaves
in the minimal tree-pair diagram representatives of elements of F'(2,3) (as
is the case in F'(n)).

lOgL(w) S |w|{l’0,fﬂ1,y0,y1} S CL<w)

for fixed ¢ € Z* (where L(w) denotes the number of leaves in the minimal
tree-pair diagram representative of w).
The order of the upper and lower bounds on this metric are sharp.



